In this paper we use modified Taylor expansion of order r on spline functions of degrees 0 and 1 to present two Xuli-type operators. Errors of the new operators are analyzed and they are compared with Hermite interpolation operator which uses the same data. Finally the efficiency of this method is shown by presenting some illustrative examples.
Introduction
B-splines are mathematical tools that were developed in scientific computing by Schoenberg, Curry, de Boor, Karlin, and others [4] . Taylor series can be another powerful tool in applied mathematics. Taylor series and B-splines are applied in the major areas of solid mechanics and theoretical physics during the past several years [1, 6, 9, 15] . Also B-splines are used in constructing the computer graphics and geometric modeling [12] . The B-spline functions provide a reasonable and consistent basis, and can offer superior accuracy for the construction of a large variety of numerical problems. The B-spline functions constitute a complete set of basis functions which will approximate a given function in the referred range of interest also can be used in solving boundary value problems and partial integro-differential equations [11, 21, 18] . The famous book by de Boor [4] , contains a lot of useful definitions and routines about the spline functions of a given order. Also there are a lot of literatures containing splines and B-Splines [16, 18] . X. Han [20] had presented a multinode higher order expansions for a function in univariate case and it generalized for multivariate case by A. Guessab et al. [8] also they used it in approximation fields [2, 3, 7] . C. de Boor [5] showed that Han's operator is a special case of an asymptotic error expansion available for any bounded linear map. In this work Han's operator and B-spline functions have prominent rolls. In many contexts such as [4, 10, 14] the procedure of constructing the interpolating spline functions by the B-splines are presented. We can obtain the interpolation spline functions S k of degree k from the B-splines of order k for k ≥ 0. But the interpolation functions S 0 and S 1 which are spline functions of degree zero and one respectively, have relatively large errors, so they can not be used in practice so we enhance them. In this paper we introduce two new interpolation operator based on linear B-Splines by using the modified Taylor expansions. If we have data of a function f and its derivatives up to order r then we can easily construct the new interpolation operators by those data.
The outline of the paper is as follows. In Section 2 we reproduce some properties of B-splines and show how to construct the interpolation operators from B-splines after that the Xuli's operator and it's error is presented. In Section 3 we construct the new interpolation operators XS 0 and XS 1 based on S 0 and S 1 respectively and in Section 4 the error of them and some of their properties are considered. In Section 5 we compare the errors of new operators with the error of Hermite interpolation operator. Section 6 includes some numerical examples.
Preliminaries and notations
Suppose that values of the function f and it's derivatives up to order r are known at those points. Our aim is to approximate f by these data. Xuli presents a multi node higher order expansion for f by using modified Taylor expansion that relies on the following linear operator
is chosen so that L reproduces all the polynomials of degree m [20] . This work was extended to multivariate case by Guessab et al. [8] . We consider the subject as an interpolation problem and use B-splines of degrees zero and one as a basis of interpolating operators. [10] )
Therefore for k ≥ 1 we can write the interpolating polynomial as follows
The construction of interpolation operators
We use Theorem 2.1 to construct the interpolation operator S k [ f ] for a given function f based on the relation (2.1).
B-splines of degrees zero and one
By imposing the interpolation conditions on S 0 (x), we get
Analogously by imposing the interpolation conditions on S 1 (x), the interpolation operator S 1 [ f ] must be as following
Constructing interpolation operators by B-splines of degree k ≥ 2
By using Theorem 2.1 and regarding the previous discussions the operator S k is defined in (2.1). Next we impose the interpolation conditions at n + 1 nodes
thus we have a system of (n + 1) linear equations with (n + k) unknowns. By solving this system, the unknowns c i , i = −k, −k + 1, ..., n − 1 will be determined. One way to solve the system (2.4) is to impose k − 1 further conditions to determine the coefficients c i , i = −k, ..., n − 1 uniquely. For example if k = 2 then we can impose the condition S ′ 2 (x 0 ) = f ′ (x 0 ) and if k = 3 then we can assume that S ′′ 3 (x 0 ) = S ′′ 3 (x n ) = 0 which the attained operator is called natural cubic spline function. Another possibility is to choose the interpolating spline
The Xuli's operator
gives us an operator which reproduces all polynomials of degree≤ max{m, r}. But this does not reproduce all polynomials of degree m + r. For this, as Xuli showed, it suffices to replace f (
where
In other words, Xuli discovered that, for this choice of a mr j the following multi-node higher expansion
reproduces all polynomials of degree less than or equal to m + r. The error terms of the operator (2.8) are shown in the following theorem.
Xuli didn't indicate strictly that the basis functions φ i must be a partition of unity. But the property (2.6) implies that they form a partition of unity [20] .
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Now we build new operators by Xuli's procedure.
• Since dex(S 0 ) = 0 we set m = 0 in equation (2.7) to get modified Taylor polynomial. By replacing f (x i ) in (2.2) with modified Taylor polynomial of degree r on x i , analogous to (2.8), we attain the following operator
• Similarly we know that dex(S 1 ) = 1. By considering m = 1 in equations (2.7) and replacing f (x i+1 ) in (2.3) with modified Taylor polynomial of degree r on x i+1 , we get the following operator
We will use the following notations XS 0 [ f ] and XS 1 [ f ] when the operators act on a specified function such as f .
Errors of the new operators and some of their properties
In this Section we analyze the errors of XS 0 and XS 1 and check the continuity and differentiability of them.
Error analysis of the operators XS 0 and XS 1
The error of the new operators are presented in the following theorems:
Proof. By replacing m = 0 and φ i (x) = B 0 i (x) in (2.9), we get
Proof. By replacing m = 1 and φ i (x) = B 1 i (x) in (2.9), we get
Since for x ∈ [x p , x p+1 ), we have B 1 i (x) = 0 for i ̸ = p and i ̸ = p − 1, Therefore (4.13) is resulted immediately.
By using the Theorems 4.1 and 4.2 we deduce that dex(XS 0 ) = r and dex(XS 1 ) = r + 1.
Some properties of the operators XS 0 and XS 1
In this section we are going to check the continuity of the operators
Proof. 
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So, XS 0 [ f ] need not to be necessarily left continuous on the set of points x i ∈ {x 1 , ..., x n }. Now, for the operator
Hence
The other advantage of XS 0 and XS 1 is that we can use them locally i.e, for any
, therefore the operators XS 0 and XS 1 simplified as following
and
So we can use the above operators easily.
Comparison of new operators with Hermite interpolating operator
We can construct the Hermite interpolating operator by using the same data about the function f witch we used to construct XS 0 and XS 1 . We consider the uniform norm of their errors in the following theorem. (3.10) and (3.11) . For x ∈ [x 0 , x n ], we have
At the right hand side of (5.18) we have W (x) ∈ Π (n+1)(r+1) , and at the right hand sides of (5. 
Numerical examples
In this section, some illustrative examples are given to show the efficiency of the method. All the results are calculated by using the Mathematica 9.0. In these examples, we let the set of nodes X as follows X = {1, 3, 6, 8, 9, 11, 13, 15, 16, 18, 20}. For constructing S 1 , we've added two points x −1 = 1 and x 11 = 20. In two first examples, we will use the modified Taylor polynomials of degree r = 5.
Example 6.1. For f (x) = sin x + x 3 − 5x + 1, the uniform norm of the error functions are listed in This example implies that if r increases then it causes rapid growth of the uniform norm of the Hermite interpolation operator's error. But in contrary, in this case the uniform norm of the error of XS 0 and XS 1 are rapidly decreasing.
Conclusion
In this work a method for constructing two new interpolation operators XS 0 and XS 1 by using the B-splines of degrees 0, 1 and the modified Taylor polynomials of degree r is proposed. We enhanced the orders of precision of these two operators such that dex(XS 0 ) = r and dex(XS 1 ) = r + 1, while dex(S 0 ) = 0 and dex(S 1 ) = 1. Furthermore constructing of our new operators are more convenient and straightforward compared with constructing of Hermite interpolation operator when we have high order derivatives of the original function and they are better than it in some cases.
